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Abstract 
The beam analysis, based on the assumptions of the Bernoulli-Euler theory, in free vibration has been largely investigated. 
Many researches focused on the transverse vibrations study, under the application of different boundary constraints where 
different theories were applied. The considered stiffness and mass matrices are those obtained by assembling the 
elementary ones resulting from the FEM use The Jacobi method allowed the solution of the eigenvalue problem. These 
well known concepts were applied to the study of beams with constant geometrical and mechanical characteristics having 
one to two overhangs with variable lengths. Murphy studied, by an algebraic solving approach, a simply supported beam 
with two overhangs of arbitrary length, which allows an experimental determination of the E elastic modulus.  
The advantage of our paper offers a possibility of extending this approach to many interesting problems formed by   
beams vibrating transversally with various ends restraints. 
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1. Introduction 
Many investigations have been conducted in the field of dynamic analysis of beams vibrating transversally. 
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For classical situations, solving the differential equation that governs the oscillatory motion allows the 
fundamental vibration frequency finding. The FEM classical procedures presented [1-3] are used in a Fortran 
program and applied for carrying out the solution of the eigenvalue problem. A discretization of the structure 
is realized by considering in place of the beam a number of parts assembled together in order to obtain a 
similar final structure. These ones are called elements and they are constituted of the same material with 
constant geometric characteristics. The resulting elementary matrices are largely used in structural analysis 
problems and their corresponding size is 4x4. In this investigation the shear deformation, axial effects are 
neglected and also the gyrating inertia isn’t considered. Various particular cases were studied and for each 
situation reference results were cited for a comparison aim completing a validation by the Rayleigh quotient 
use. Generally, its use is relative to the fundamental mode evaluation for a distributed mass system under the 
form of a single degree of freedom system. So, it should be noted that the results obtained are in compliance 
with those cited above allowing a continuation of the investigation. Many researchers worked in the field of 
lateral vibrations analysis of beams, as given in [4] and for complementary presentation of the problem, see 
references [5,6]. Other approaches consider the use of the inverse mode shape problem of finding the shape of 
regular structures to solve the eigenvalue problem as indicated in [7-10]. Some methods consider algebraic 
solutions as exposed in [11]. For further research, the study will introduce elastic supports formed of springs 
disposed at variable positions with a non uniform mass distribution. 
2. Applied Theory 
The free oscillation of a uniform beam is governed by the fourth order differential equation under the 
assumptions of Euler-Bernoulli, as expressed in Eq.1.: 
E.I. w4y/wx4+UAw2y/wt2=0
=0
  (1) 
where: 
A :  cross-section area (m2), 
E :  Modulus of elasticity (Pa), 
I :  Inertia moment (m4),  
ρ :  Density of material (Kg/m4).  
As showed, the solution of the differential equation of a fourth order describes the equilibrium movement. 
The circular frequency ω in function of the wave number k, is written under the relationship of  Eq.2. : 
Z2=(EI/UA)k4  (2) 
As it is well known, the spatial components are written as shown in Eq.3: 
ys(x)=C1sin(kx)+C2cos(kx)+C3sinh(kx)+C4cosh(kx) (3) 
where the C1, C2, C3 and C4 are in function of the boundary conditions. 
2.1. Beam stiffness and mass matrices 
A beam finite element is represented by two nodal points where the unknown parameters are shear force 
and bending moment. The elementary matrices composed by the kij with their corresponding mij terms, are 
kept identical in order to facilitate their implementation in the program developed for this purpose.  
2.1.1. Beam stiffness matrix 
In a 2D representation of a beam, ten terms express completely the stiffness matrix. The forces applied at 
the two ends, are represented in the following figure 1: 
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Fig.1.: Beam representation. 
The FEM allows expressing the forces at the ends as a product of the stiffness matrix (using the product of 
the E Elastic modulus, I inertia and L length), by their corresponding displacements as given in relationship 4.  
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2.1.2. Mass matrix representation 
In order to carry out the eigenvalues searching process, the consistent mass matrix form is considered. 
3. Results 
The FEM has been applied to analyze a previous work [11] and extended to investigate two new cases.  
3.1. Analysis of beams vibrating transversally under various ends restraints   
The first vibration frequency is given by Eq.5.: 
f=(k2/2S)(EI/UA)1/2     (5) 
In [11] a K1 constant is defined for expressing the transformed fundamental root, see Eq.6.: 
f2=K1(EI/UAL4)     (6) 
3.1.1. Simply supported beam with symmetric overhangs of equal lengths  
The beam given in figure 2 was discussed in [11-12]. It concerns a simply supported beam with two 
symmetric overhangs of equal lengths where the supports abscissas vary. The study consisted on analyzing 
the K1 variation in function of the span length relatively to the total beam length.  
 
Fig. 2. Beam simply supported having two symmetric overhangs of equal lengths. 
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Fig. 3. Representation of the Variation of K1 as a function of the S/L ratio. 
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The figure 3 shows the curve variation of the K1 factor depending of the S/L ratio, where an accordance is 
noted for S/L=0, 0.552 and 1 where their corresponding values are equal to 2.467, 12.679 and 5.010 
successively. 
The Table 1 shows different Z0 values corresponding to beams with various conditions at the ends: 
Table 1. Z frequency values obtained for pinned-pinned and fixed-free ends conditions. 
case Ends conditions restraints Resulted values  Reference values Rayleigh use 
1 Pinned-pinned V0=0, VL=0 9.8696 f2=2.467 9.8696 9.87666 
2 fixed -free V0=0, T0=0 3.5160 f2=0.31314 3.5160 3.53009 
with:   
Z1=Z0(EI/UAL4)1/2     (7) 
3.1.2. Simply supported beam with one overhang of an arbitrary length 
The considered ends conditions of the beam given in figure 4, are  at x1 = δ, v=0 and at x2 = S  v=0. 
 
Fig. 4. Beam simply supported with one overhang of arbitrary length. 
 
Fig. 5. K1 variation in function of the S/L ratio. 
In compliance with the results shown in figure 5, a K1 value is taken similarly as suggested in [11] which 
corresponds to small values of  δ, see Eq.8.:  
K1|2.467.L4/S4  (8) 
3.1.3. Beam of pinned-clamped ends restraints with one overhang of an arbitrary length  
In the beam represented in figure 6, the considered conditions for the analysis are at x1=δ, v=0  and at x2=S, 
v=0  and T=0. 
 
Fig. 6. A clamped-pinned beam system with one overhang of arbitrary length. 
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Fig. 7. Representation of the variation of K1 as a function of the S/L ratio. 
By analyzing the curve of figure 7, identical remarks can be formulated for K1, of which value becomes: 
K1|6.021.L4/S4  (9) 
The table 2 shows the different Z0 frequency values obtained for classical ends conditions:   
Table 2. Frequencies values for pinned-fixed and fixed-fixed ends conditions beams 
Case Ends conditions Restraints Resulted values  Reference values Rayleigh use 
3 Pinned-fixed V0=0, VL=0, TL=0, 15.4182 f2=6.021 15.4182 15.4511 
4 Fixed-fixed V0=0, T0=0,VL=0, TL=0 22.3733  22.3729 22.4499 
4. Conclusion 
The transformed root of the transverse vibration frequencies, resulted from the FEM analysis, of a beam 
simply supported with two overhangs are plotted in function of the span length over the total linear dimension 
(S/L ratio). These findings are in good agreement with those of a work previously made by Murphy. As the 
conclusion concerned its exploitation to the determination of the E elastic modulus by using mechanical and 
geometrical characteristics of a given beam, it was interesting to investigate other ends restraints conditions in 
the same manner. Added to this an extension of the FEM tool use to the beam vibration analysis with a 
support of variable abscissa was made. These later ones are namely pinned (moving abscissa)-pinned and   
pinned (moving abscissa)-clamped and the studied parameter is the S/L ratio. The mainly compared values 
were reported to classical situations hinged-hinged and hinged-fixed, respectively. As expected, the first and 
second examples gave to K1 a value of 2.467 and for the third situation due to the right locked rotation the 
corresponding value was found equal to 6.021.  Clearly, when the S/L ratio tends to 0, the 2nd and 3rd curves 
(left side) undergo a similar shape which corresponds to a cantilever beam (free-clamped) and for the right 
side it is obvious that the rigid connection leads to higher frequency values. The remark concerns also the first 
example, but one must remember that for the same ratio, the total length is divided by two inducing a vertical 
translation of the curve. 
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